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MINIMIZABILITY OF DEVELOPABLE RIEMANNIAN
FOLIATIONS
HIRAKU NOZAWA
Abstract. Let (M,F) be a closed manifold with a Riemannian foliation. We
show that the secondary characteristic classes of the Molino’s commuting sheaf
of (M,F) vanish if (M,F) is developable and pi1M is of polynomial growth.
By theorems of A´lvarez Lo´pez in [1] and [2], our result implies that (M,F) is
minimizable under the same conditions. As a corollary, we show that (M,F)
is minimizable if F is of codimension 2 and pi1M is of polynomial growth.
1. Introduction
A foliated manifold (M,F) is minimizable if there exists a Riemannian metric g
onM such that every leaf of F is a minimal submanifold of (M, g). The minimizabil-
ity of general foliations is characterized by dynamical tools; for example, foliation
cycles [12] or holonomy pseudogroups [6]. On the other hand, the minimizability of
Riemannian foliations has a strong relation with the topology of manifolds. Ghys
[4] showed that every Riemannian foliation on a closed simply connected manifold
is minimizable. A´lvarez Lo´pez [1] defined a cohomology class of degree 1 called the
A´lvarez class whose triviality is equivalent to the minimizability of (M,F). As a
corollary, he showed that every Riemannian foliation on a closed manifold whose
first Betti number is zero is minimizable. Masa [8] characterized the minimizabil-
ity of Riemannian foliations in terms of the basic cohomology. In this article, we
show that the secondary characteristic classes of the Molino’s commuting sheaf of
a closed manifold M with a Riemannian foliation F vanish under some topolog-
ical conditions of (M,F). The Molino’s commuting sheaf of (M,F) is a locally
constant sheaf defined by Molino [10] for a closed manifold with a Riemannian
foliation. According to A´lvarez Lo´pez [2], the A´lvarez class of (M,F) is equal to
the secondary characteristic classes of degree 1 of the Molino’s commuting sheaf of
(M,F) up to multiplication of a non-zero constant. As a corollary, we show that a
developable Riemannian foliation on a closed manifold with fundamental group of
polynomial growth is minimizable. As an application of this result, we show that
a Riemannian foliation of codimension 2 on a closed manifold with fundamental
group of polynomial growth is minimizable.
A foliated manifold (M,F) is developable if there exists a covering space pi : M˜ −→
M such that the leaves of pi∗F are fibers of a submersion. Our main result in this
article is the following: Let (M,F) be a closed manifold with a Riemannian folia-
tion.
Theorem 1. The secondary characteristic classes of the Molino’s commuting sheaf
of (M,F) vanish if F is developable and pi1M is of polynomial growth.
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By Theorem 1 and theorems of A´lvarez Lo´pez in [1] and [2], we have
Corollary 2. A developable Riemannian foliation on a closed manifold with fun-
damental group of polynomial growth is minimizable.
Each of the assumption of the developability and the polynomial growth of fun-
damental groups in Corollary 2 is essential. The Carrie`re’s examples are non-
minimizable developable Riemannian flows on 3-dimensional manifolds with the
fundamental group of exponential growth (see [3] and Section 5.1). Example 5.2
provides a non-minimizable non-developable Riemannian flow on a closed mani-
fold with abelian fundamental group. Example 5.2 is the first example of a non-
minimizable Riemannian foliation on a closed manifold with fundamental group of
polynomial growth in the literature as far as the author knows.
As we will see in Proposition 14, every transversely parallelizable foliation of
codimension less than 4 is compact or developable. Since a closed manifold with a
compact Riemannian foliation is minimizable (see Proposition 15), we have
Theorem 3. A transversely parallelizable foliation of codimension q ≤ 3 on a
closed manifold with fundamental group of polynomial growth is minimizable.
By Theorem 3, we have
Corollary 4. A Riemannian foliation of codimension 2 on a closed manifold with
fundamental group of polynomial growth is minimizable.
Since the Carrie`re’s examples are of codimension 2, the assumption of polynomial
growth of fundamental groups is essential. Note that A´lvarez Lo´pez [1] showed that
every Riemannian foliation of codimension 1 on a closed manifold is minimizable.
The results in this article were obtained during the stay of the author at the
University of Santiago de Compostela in the spring of 2009. The author would like
to express his gratitude to Jesu´s Antonio A´lvarez Lo´pez for his invitation, great
hospitality and inspiring discussion with him.
2. Unipotency of the holonomy homomorphism of the Molino’s
commuting sheaves
Let (M,F) be a closed manifold with a transversely parallelizable foliation. By
the Molino’s structure theorem [10], M is the total space of a smooth fiber bundle
p : M −→W such that each fiber of p is the closure of a leaf of F . This p is called
the basic fibration of (M,F). Let F a fiber of p. Then p is a smooth (F,F|F )-bundle
by the Molino’s structure theorem [10]. Let x0 be a point in F . Let
(1) ∂ : pi2(W, p(x0)) −→ pi1(F, x0)
be the connecting homomorphism in the homotopy exact sequence of the fiber
bundle p. (F,F|F ) is a G-Lie foliation with dense leaves for a connected simply
connected Lie group G by Theorem 4.2 in [10]. Let
(2) holF : pi1(F, x0) −→ G
be the holonomy homomorphism of the Lie foliation (F,F|F ). Let H be the closure
of the image of holF ◦∂ in G. Note that since pi2(W, p(x0)) is abelian, H is abelian.
We define Aut(G,H) by
(3) Aut(G,H) = {a ∈ Aut(G) | a(H) = H}.
MINIMIZABILITY OF DEVELOPABLE RIEMANNIAN FOLIATIONS 3
Let Diff(F, x0,F|F ) be the group of diffeomorphisms of F which fix x0 and pre-
serveF|F . We recall the definition of the holonomy homomorphism hp : pi1(M,x0) −→
pi0(Diff(F, x0,F|F )) of the (F,F|F )-bundle with base points. Let γ : S1 −→ M
be a smooth map such that γ(1) = x0. We consider the bundle (pi ◦ γ)∗pi : (pi ◦
γ)∗M −→ S1 obtained by pulling back pi by pi ◦ γ. Then γ gives a fiberwise
base point b : S1 −→ (pi ◦ γ)∗M of (pi ◦ γ)∗pi defined by b(t) = (t, γ(t)). Note that
(pi◦γ)∗M = {(t, x) ∈ S1×M | pi◦γ(t) = pi(x)}. Let G be the foliation on (pi◦γ)∗M
obtained by pulling back F by the map (pi ◦ γ)∗M −→ M induced by pi ◦ γ. Let
G0 be a foliation on ([0, 1] × F )/(0, f(x)) ∼ (1, x) induced from the foliation with
leaves {t}×L, for t ∈ [0, 1] and L ∈ F , on [0, 1]×F . There exists an element fγ of
Diff(F, x0,F|F ) and an isomorphism χ : (pi◦γ)∗M −→ ([0, 1]×F )/(0, fγ(x)) ∼ (1, x)
as an F -bundle over S1 such that χ∗G0 = G and χ maps the fiberwise base point
{(t, γ(t)) ∈ (pi◦γ)∗M | t ∈ S1} to {(t, x0) ∈ [0, 1]×F | t ∈ [0, 1]}/(0, fγ(x)) ∼ (1, x).
Note that we regard ([0, 1]× F )/(0, fγ(x)) ∼ (1, x) as an F -bundle over S1 by the
map pi1 defined by pi1([t, x]) = [t]. The isotopy class [fγ ] of fγ in Diff(F, x0,F|F )
is well-defined for the element [γ] of pi1(M,x0) determined by γ. Thus we have a
homomorphism
(4)
hp : pi1(M,x0) −→ pi0(Diff(F, x0,F|F ))
[γ] 7−→ [fγ ].
We define
(5) pi1 : pi0(Diff(F, x0,F|F )) −→ Aut(pi1(F, x0))
by pi1([f ])([δ]) = [f ◦δ] for [f ] in pi0(Diff(F, x0,F|F )) and [δ] in pi1(F, x0). We define
(6) ρ0 : pi1(M,x0) −→ Aut(pi1(F, x0))
by ρ0 = pi1 ◦ hp.
Lemma 5. The subgroup ∂(pi2(W, p(x0))) of pi1(F, x0) is preserved by the action
ρ0.
Proof. Let γ be a closed path in F . Let φ : D2 −→ M be a 2-disk such that
φ|∂D2 = γ. For δ in pi1(M,x0), there exists an annulus ψ : [0, 1] × S1 −→ M
such that ψ|{0}×S1 = γ and ψ|{1}×S1 = ρ0(δ)(γ). Hence ρ0(δ)(γ) is bounded by
the 2-disk obtained by gluing φ and ψ along γ. Thus pi1([f ])(γ) is an element of
∂(pi2(W, p(x0))). 
We briefly recall the definition of the Molino’s commuting sheaf of transversely
parallelizable foliation (M,F). For an open set U in M , C∞b (TU/T (F|U)) is the
space of transverse fields of (U,F|U ) defined by
(7) C∞b (TU/T (F|U)) = {Y ∈ C∞(TU/T (F|U)) | [Z, Y ] = 0, ∀Z ∈ C∞(T (F|U ))}.
We define a vector space C(U) as the space of transverse fields which commute with
global transverse fields as follows:
(8) C(U) = {X ∈ C∞b (TU/T (F|U)) | [X,Y |U ] = 0, ∀Y ∈ C∞b (TM/TF)}.
Note that Lie brackets on vector fields on M induces Lie brackets [·, ·] : C∞(TF)×
C∞(TM/TF) −→ C∞(TM/TF) and [·, ·] : C∞b (TM/TF) × C∞b (TM/TF) −→
C∞b (TM/TF). Since C(U) is closed under the Lie bracket, C is a presheaf of Lie
algebras. The sheafication of C is called the Molino’s commuting sheaf of (M,F).
We refer to pages 125–130 of Molino [10] for the basic properties of Molino’s
commuting sheaf of transversely parallelizable foliations. Let C be the Molino’s
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commuting sheaf of (M,F). By Theorem 4.3 of Molino [10], C is locally constant
and the stalk Cx0 of C at x0 is identified with the Lie algebra of right invariant
vector fields on G. Let
(9) m : pi1(M,x0) −→ Aut(Cx0)
be the holonomy homomorphism of C as a locally constant sheaf over M .
For groups G1 and G2 and a G1-action ρ on G2, we define the semidirect product
G1⋉ρG2 ofG1 andG2 with respect to ρ as the group with the underlying setG1×G2
and the product defined by
(10) (g1, g2) · (g′1, g′2) = (g1 · g′1, ρ(g′1)(g2) · g′2)
for g1, g
′
1 in G1 and g2, g
′
2 in G2. For a subgroup B of Aut(G1), we denote the
canonical injection B −→ Aut(G2) by ι.
For a Lie group G1, we denote the Lie algebra of the right invariant vector fields
on G1 by Lie(G1)
−. For a in Aut(G1), the tangent map of a : G1 −→ G1 induces
an automorphism a∗ of Lie(G1)−. We define a homomorphism A : Aut(G1) −→
Aut(Lie(G1)
−) by A(a)v = a∗v.
Proposition 6. There exists a homomorphism
(11) Ψ: pi1(M,x0)⋉ρ0 pi1(F, x0) −→ Aut(G,H)⋉ι G
such that the diagram
(12) pi1(M,x0)
i

m // Aut(Cx0)
pi1(M,x0)⋉ρ0 pi1(F, x0) Ψ
// Aut(G,H)⋉ι G pr
1
// Aut(G,H)
A
OO
commutes where i is the injection defined by i(γ) = (γ, e) for γ in pi1(M,x0),
pr1 : Aut(G,H)⋉ιG −→ Aut(G,H) is the first projection and A is given by the ho-
momorphism A : Aut(G,H) −→ Aut(Lie(G)−) with the identification Aut(Lie(G)−) ∼=
Aut(Cx0).
Proof. We recall the definition of a homomorphism Φ: pi0(Diff(F, x0,F|F )) −→
AutG defined in Nozawa [11]. Since the leaves of (F,F|F ) are dense, the Lie
algebra of transverse fields
(13)
C∞b (TF/T (F|F )) = {Y ∈ C∞(TF/T (F|F )) | [Z, Y ] = 0, ∀Z ∈ C∞(T (F|F ))}
is equal to the structural Lie algebra Lie(G) of the Lie foliation (F,F|F ) (see Re-
mark in page 117 of [10]). For f in Diff(F, x0,F|F ) and a transverse field X on
(F,F|F ), we have [Y, f∗X ] = f∗[f−1∗ Y,X ] = 0 for Y in C∞(T (F|F )). Hence f∗X
is a transverse field. Thus f∗ induces an automorphism of Lie(G). By the Lie’s
theorem, there exists a unique automorphism fG of G which induces f∗ on Lie(G).
We define Φ(f) = fG. This Φ is clearly a homomorphism. As shown in Nozawa
[11], fG depends only on the isotopy class of f .
We define Ψ: pi1(M,x0)⋉ρ0 pi1(F, x0) −→ Aut(G,H)⋉ι G by
(14) Ψ(γ1, γ2) = (Φ ◦ hp(γ1), holF (γ2))
for γ1 in pi1(M,x0) and γ2 in pi1(F, x0). We show that Ψ is a homomorphism. For
γ1, γ
′
1 in pi1(M,x0) and γ2, γ
′
2 in pi1(F, x0), we have
(15) Ψ(γ1, γ2)·Ψ(γ′1, γ′2) = (Φ◦hp(γ1)·Φ◦hp(γ′1), ι(Φ◦hp(γ′1))(holF (γ2))·holF (γ′2))
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and
(16) Ψ((γ1, γ2) · (γ′1, γ′2)) = (Φ ◦ hp(γ1 · γ′1), holF (ρ0(γ′1)(γ2) · γ′2)).
Since Φ and hp are homomorphisms, the first components of the right hand sides
of (15) and (16) are equal. To show that Ψ is a homomorphism, it suffices to show
that the second components of the right hand sides of (15) and (16) are equal.
Since holF is a homomorphism, it suffices to show
(17) ι(Φ ◦ hp(γ′1))(holF (γ2)) = holF (ρ0(γ′1)(γ2)).
We put [f ] = hp(γ
′
1). Since ρ0 = pi1 ◦ hp, (17) is equivalent to
(18) ι(Φ([f ]))(holF (γ2)) = holF (pi1([f ])(γ2)).
This is equivalent to the Eq. 9 in Nozawa [11] shown there.
The commutativity of the diagram (12) follows from the commutativity of the
diagram (7) in Nozawa [11]. In fact, the commutativity of the diagram implies that
(19) m(γ) = A ◦ Φ ◦ hp(γ)
for every γ in pi1(M,x0), which implies the commutativity of the diagram (12).
We show that the image of Ψ is contained in Aut(G,H) ⋉ι G. By Lemma 5,
the subgroup ∂(pi2(W, p(x0))) of pi1(F, x0) is preserved by ρ0. Hence pi1([f ])(γ) is
an element of ∂(pi2(W, p(x0))) for γ in ∂(pi2(W, p(x0))) and f in Diff(F, x0,F|F ).
By (18), we have ι(Φ(f))(holF (γ)) = holF (pi1([f ])(γ)). Hence ι(Φ(f)) preserves
holF (∂(pi2(W, p(x0)))). SinceH is the closure of holF (∂(pi2(W, p(x0)))) inG, ι(Φ(f))
preserves H . Thus the image of Ψ is contained in Aut(G,H)⋉ι G. 
Let Γ be a group. A linear presentation f : Γ −→ Aut(V ) of Γ on a vector space
V is defined to be unipotent if there exists n such that (idV −f(g1))◦(idV −f(g2))◦
· · · ◦ (idV −f(gn)) is the zero map on V for every n-tuple of elements g1, g2, . . . , gn
of Γ.
Let G1 be a connected simply connected Lie group. Let S be a subgroup of
Aut(G1). Let I be a dense subgroup of G1 preserved by the action of S. We put
J = S ⋉ι I. We have
Lemma 7. J is nilpotent if and only if G1 is nilpotent and A|S : S −→ Lie(G1) is
unipotent.
Proof. Assume that J is nilpotent. Since the nilpotency of topological groups is
a closed condition, J is also nilpotent. Obviously G1 is nilpotent. By the Engel’s
theorem and the nilpotency of J , the adjoint action of J on Lie(J) is unipotent.
From Lie(J) = Lie(S) ⋉ι Lie(G1), the action of S on Lie(G1) is unipotent. Hence
the action of S on Lie(G1) is unipotent.
Conversely assume that G1 is nilpotent and A|S : S −→ Lie(G1) is unipotent.
By Engel’s theorem, the adjoint action of G1 on Lie(G1) is unipotent. Hence Ad g
is a unipotent element of Aut(G1) for every g in G1. By the assumption on the
unipotency of A|S , Ad a is a unipotent element of Aut(Lie(G1)) for every a in S.
Since (a, g) = (idG1 , g) ◦ (a, e) in J and the product of two unipotent elements is
unipotent, Ad(a, g) is unipotent for every element (a, g) of J . By Engel’s theorem,
J is nilpotent. Hence J is nilpotent. 
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We denote the injection F −→ M by iF . We consider ΨH and ΨG/H in the
following diagram:
(20) Aut(H)⋉ι H
pi1(M,x0)⋉ρ0 ∂(pi2(W, p(x0))) //

ΨH
44
h
h
h
h
h
h
h
h
h
h
h
h
h
h
h
h
h
h
Aut(G,H)⋉ι H

OO
pi1(M,x0)⋉ρ0 pi1(F, x0)
Ψ //
id×iF∗

Aut(G,H)⋉ι G

pi1(M,x0)⋉ρ0 iF∗(pi1(F, x0)) //ΨG/H
// Aut(G/H)⋉ι (G/H)
where the vertical arrows are canonical injections or canonical projections. Note
that ∂(pi2(W, p(x0))) is preserved by ρ0 by Lemma 5.
Proposition 8. For a subgroup K of pi1(M,x0) of finite index, m|K is unipotent
and G/H is nilpotent if and only if ΨH(K ⋉ρ0 ∂(pi2(W, p(x0)))) and ΨG/H(K ⋉ρ0
(iF∗(pi1(F, x0)) ∩K)) are nilpotent.
Proof. We define mH = piH ◦m and mG/H = piG/H ◦m where piH : Aut(G,H) −→
Aut(H) and piG/H : Aut(G,H) −→ Aut(G/H) are the canonical maps.
An automorphism a of Lie(G)− which preserves Lie(H)− is zero if and only if
a|Lie(H)− is zero and a induces the zero map on Lie(G/H)−. Then there exists n
such that (idCx0 −m(g1)) ◦ (idCx0 −m(g2)) ◦ · · · ◦ (idCx0 −m(gn)) is the zero map on
Lie(Cx0) for every n-tuple {gi}ni=1 of elements of K if and only if there exists n such
that
(1) The map
(21) (idLie(H)− −mH(g1)) ◦ (idLie(H)− −mH(g2)) ◦ · · · ◦ (idLie(H)− −mH(gn))
is the zero map on Lie(H)− and
(2) The map
(22)
(idLie(G/H)− −mG/H(g1))◦(idLie(G/H)− −mG/H(g2))◦· · ·◦(idLie(G/H)− −mG/H(gn))
induces the zero map on Lie(G/H)−.
Hence m|K is unipotent if and only if mH |K and mG/H |K are unipotent. Since
holF (pi1(F, x0)) is dense in G by Lemma 4.23 of [9], holF (pi1(F, x0))/holF (K) is
dense in G/holF (K). Since G is connected and K is of finite index in pi1(F, x0),
G/holF (K) is trivial. Hence holF (K) is dense in G. Then holF (K)/H is dense in
G/H . Hence, if we put G1 = H , S = ΨH(K⋉ρ0{e}) and I = holF (∂(pi2(W, p(x0))))
or G1 = G/H , S = ΨG/H(K ⋉ρ0 {e}) and I = holF (K)/H in Lemma 7, the
assumption of Lemma 7 are satisfied. Then, by Lemma 7, G/H is nilpotent and
mH |K and mG/H |K are unipotent if and only if ΨH(K ⋉ρ0 ∂(pi2(W, p(x0)))) and
ΨG/H(K ⋉ρ0 (iF∗(pi1(F, x0)) ∩K)) are nilpotent. 
Let K be a subgroup of pi1(M,x0). Among ΨH(K ⋉ρ0 ∂(pi2(W, p(x0)))) and
ΨG/H(K ⋉ρ0 (iF∗(pi1(F, x0)) ∩ K)), the nilpotency of the latter follows from the
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nilpotentcy of K as shown in the following lemma. On the other hand, the nilpo-
tency of ΨH(K⋉ρ0∂(pi2(W, p(x0)))) is not controlled by the nilpotency of pi1(M,x0)
as shown in Example 5.2.
Lemma 9. If K is nilpotent, then K ⋉ρ0 (iF∗(pi1(F, x0)) ∩K) is nilpotent.
Proof. For δ in pi1(F, x0) and γ in pi1(M,x0), we have iF∗[hp(γ)δ] = iF∗[γ · δ · γ−1]
in pi1(M,x0). Since ρ0 = pi1 ◦ hp, the action ρ0|K : K −→ Aut(iF∗(pi1(F, x0)) ∩K)
induced by ρ0 is the action by conjugation.
Let Γ be a nilpotent group and Π be a normal subgroup of Γ. Let ρ1 : Γ −→
Aut(Π) be the action of Γ on Π defined by ρ1(g)(h) = g ·h · g−1 for g in Γ and h in
Π. To show Lemma 9, it suffices to show that Γ⋉ρ1Π is nilpotent. Put Γ˜ = Γ⋉ρ1Π.
For a group C, write C0 = C and Ci = [C,Ci−1]. Let pr1 : Γ˜ −→ Γ be the first
projection. Since pr1(Γ˜i) = Γi and by the nilpotency of Γ, there exists i0 such that
Γ˜i0 is contained in {e}⋉ρ1 Π. For (g1, h1) and (e, h2) in Γ˜, we have
(23) [(g1, h1), (e, h2)] = (e, [g
−1
1 h1, h2]).
Hence [Γ˜, {e} ⋉ρ1 (Π ∩ Γi)] is contained in {e} ⋉ρ1 (Π ∩ Γi+1). Hence there exists
i1 such that Γ˜i1 = {e} by the nilpotency of Γ. 
The developability of (M,F) implies the triviality of ΨH(K⋉ρ0 ∂(pi2(W, p(x0))))
according to the following lemma:
Lemma 10 (Molino, Exercise 4.7 [4] of [10]). (M,F) is developable if and only if
the image of holF ◦∂ : pi2(W, p(x0)) −→ G is discrete.
Proof. Let pi : M˜ −→ M be the universal cover of M . Let F˜ be a connected
component of the fiber of F . Since (F˜ , (pi∗F)|F˜ ) is a covering space of (F,F|F ),
pi∗F|F˜ is a G-Lie foliation on F˜ . Fix a point x˜0 on the fiber of x0. The holonomy
homomorphism of the Lie foliation (F˜ , (pi∗F)|F˜ ) is given by
(24) pi1(F˜ , x˜0)
pi∗ // pi1(F, x0)
holF // G.
By the definition of pi and the homotopy exact sequence, we have pi∗pi1(F˜ , x˜0) =
ker iF∗ = ∂(pi2(W, p(x0))). Let H be the closure of holF (pi∗(pi1(F˜ , x˜0))) in G. Let
L be the closure of a leaf L of pi∗F . Then (L, (pi∗F)|L) is an H-Lie foliation with
dense leaves by Theorem 4.2 of Molino [10].
Clearly the image of holF ◦∂ is discrete in G if and only if H is of dimension 0.
Since dimH is equal to the codimension of (L, (pi∗F)|L), H is of dimension 0 if and
only if (L, (pi∗F)|L) is a foliation with one leaf L. Since L is the closure of a leaf L
of pi∗F , (L, (pi∗F)|L) is a foliation with one leaf L if and only if L is closed in M˜ .
By the homogeneity of the transversely complete foliation (M˜, pi∗F) (see Theorem
4.2’ of Molino [10]), a leaf L of (M˜, pi∗F) is closed in M˜ if and only if every leaf
of pi∗F is closed in M˜ . Since the closure of each leaf of pi∗F is a fiber of the basic
fibration of (M˜, pi∗F) by Theorem 4.2’ of [10], every leaf of pi∗F is closed in M˜ if
and only if (M˜, pi∗F) is developable. 
We obtain a sufficient condition for the unipotency of the holonomy homomor-
phism of the Molino’s commuting sheaves of developable Riemannian foliations.
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Proposition 11. Let (M,F) be a developable Riemannian foliation on a closed
manifold. Let K be a subgroup of of pi1(M,x0) of finite index. If K is nilpotent,
then the restriction of the holonomy homomorphism of the Molino’s commuting
sheaf C of (M,F) to K is unipotent.
Proof. First, we show Proposition 11 in the case where (M,F) is transversely par-
allelizable. Let F be a developable transversely parallelizable foliation on M .
Let p : M −→ W be the basic fiberation of (M,F). Fix a fiber F of p and
a point x0 on F . Let m : pi1(M,x0) −→ Aut(Cx0) be the holonomy homomor-
phism of C. Let ∂ : pi2(F, p(x0)) −→ pi1(M,x0) be the connecting homomorphism
in the homotopy exact sequence of the fiber bundle p. By the developability
of (M,F) and Lemma 10, the image of pi2(W, p(x0)) ∂ // pi1(F, x0) holF // G is
discrete. Hence we have H = {e}. Hence ΨH(K ⋉ρ0 ∂pi2(W, p(x0))) is trivial.
Since K is nilpotent, K ⋉ρ0 (iF∗(pi1(F, x0)) ∩K) is nilpotent by Lemma 9. Hence
ΨG/H(K ⋉ρ0 (iF∗(pi1(F, x0)) ∩K)) is nilpotent. Then m|K is unipotent by Propo-
sition 8.
We consider the general case. Let F be a developable Riemannian foliation on
M . Let p : M1 −→M be the transverse orthonormal frame bundle of (M,F). Let
F1 be the lift of F to M1. Let C and C1 be the Molino’s commuting sheaves of
(M,F) and (M1,F1) respectively. Recall that, by the definition of the Molino’s
commuting sheaf of Riemannian foliations (see Section 5.3 of [10]), the stalk Cx at
x on M is the set of the germs of vector fields at x whose canonical lift to M1
is a section of C1. Then we have p∗C = C1. Let m and m1 be the holonomy
homomorphisms of C and C1 respectively. Since p∗C = C1, m1 is given by
(25) pi1(M
1, x˜0)
p∗ // pi1(M,x0)
m // Aut(Cx0) // Aut(C1x˜0)
where the last map is the identification by the pullback by p. Note that p−1∗ (K) is
nilpotent. By the previous case, m1|p−1(K) is unipotent. Hence m|K is unipotent.

3. Vanishing of secondary characteristic classes of flat vector
bundles with unipotent holonomy homomorphisms
We use the following computation of secondary characteristic classes of flat vector
bundles by Kamber and Tondeur to show the nullity of secondary characteristic
classes of flat vector bundles with unipotent holonomy homomorphisms.
Theorem 12 (Kamber-Tondeur, Eqs. 5.74 and 6.31 in [7]).
(26) H•(glr, Or) ∼= ∧•(y1, y3, . . . , yr′),
where r′ is the largest odd integer equal to or less than r, and y2i−1 is of degree
2i− 1 and represented by the cocycle
(27)
(
−1
2
)i−1
(i − 1)!i!
(2i− 1)! ci([θ, θ] ∧ · · · ∧ [θ, θ] ∧ θ).
Here, ci is the i-th Chern polynomial regarded as an element of S
igl∗r , and θ is
the identity map on glr, [θ, θ] is defined by [θ, θ](x, y) = [x, y] for x, y in glr, and
[θ, θ] ∧ · · · ∧ [θ, θ] ∧ θ is regarded as an element of Hom(∧2i−1glr, Siglr).
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Let M be a closed manifold. Let E be a vector bundle over M of rank r with a
flat connection ω. The secondary characteristic classes of (E,ω) are the cohomology
classes in the image of the generalized characteristic homomorphism
(28) ∆: H•(glr,Or) −→ H•(M ;R)
of (E,∆) defined as follows (see [7]): Let P be the frame bundle of E. By the flat
connection form on P associated to ω, we have a linear map
(29) ω : gl∗r −→ C∞(T ∗P ).
This ω induces
(30) ω : ∧• gl∗r −→ C∞(∧•T ∗P ).
Let P/Or be the (GLr /Or)-bundle over M obtained by taking quotient of P by
the Or-subaction of the principal GLr-action. Fix an Or-reduction O of P . This
O determines a section s : M −→ P/Or. Let (∧•(gl∗r/o∗r))Or be the subspace of
Or-invariant elements of ∧•(gl∗r/o∗r). Then ω induces a map
(31) ω : (∧•(gl∗r/o∗r))Or −→ C∞(∧•T ∗(P/Or))
By the definition, H•(glr,Or) is the cohomology of the chain complex (∧•(gl∗r/o∗r))Or
with the differential induced by the Eilenberg-MacLane differential. Then the com-
position of (31) and the pullback by s
(32) s∗ : C∞(∧•T ∗(P/Or)) −→ C∞(∧•T ∗M)
induces ∆: H•(glr,Or) −→ H•(M ;R). Note that the contractibility of the fibers
of P/Or implies that the secondary characteristic classes of (E,ω) are independent
of O.
We show
Proposition 13. Fix a point x0 on M . Let K be a subgroup of pi1(M,x0) of finite
index. If the restriction of the holonomy homomorphism
(33) hE : pi1(M,x0) −→ AutEx0
of E to K is unipotent, then the secondary characteristic classes of (E,ω) are zero
in H•(M ;R).
Proof. Let pi : M ′ −→M be the covering space of M such that pi∗pi1(M ′, x′0) = K.
Since K is of finite index, pi is a finite covering. Hence M ′ is also closed. By
the naturality of the secondary characteristic classes, the secondary characteristic
classes of (pi∗E, pi∗ω) are the pullback of the secondary characteristic classes of
(E,ω) by pi∗. Since pi∗ : H•(M ;R) −→ H•(M ′;R) is injective, to show that the
secondary characteristic classes of (E,ω) vanish, it suffices to show that the sec-
ondary characteristic classes of (pi∗E, pi∗ω) vanish. Hence it suffices to show the
case of K = pi1(M,x0) for the proof of Proposition 13.
We assume K = pi1(M,x0). Let H be a connected Lie subgroup of Aut(Ex0)
which is invariant by the action pi1(M,x0) −→ Aut(Ex0). Fix a frame f0 of Ex0 .
By the parallel transport of Hf0 with respect to the flat connection, we obtain an
H-reduction PH of E with a flat connection.
Let
(34) ωH : h
∗ −→ C∞(T ∗PH).
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be the map determined by the flat H-connection on PH . Then we have a commu-
tative diagram
(35) ∧•gl∗r ω //
j

C∞(∧•T ∗P )
i

∧•h∗ ωH // C∞(∧•T ∗PH)
where j is induced by the restriction map gl∗r −→ h∗ and i is the restriction map.
The diagram (35) induces a commutative diagram
(36) (∧•(gl∗r/o∗r))Or ω //
j

C∞(∧•T ∗(P/Or))
i

(∧•(h∗/(h ∩ or)∗))H∩Or ωH // C∞(∧•T ∗(PH/(Or ∩H)))
where (∧•h∗r/(h ∩ or)∗)H∩Or is the subspace of (H ∩ Or)-invariant elements of
∧•(h∗r/(h ∩ or)∗).
Let Nr be the Lie subgroup of GLr consisting of unipotent matrices. Then Nr
is contractible and Lie(Nr) ∩ or = {0}. We have
(37) (∧•(gl∗r/o∗r))Or ω //
j

C∞(∧•T ∗(P/Or))
i

∧• Lie(Nr)∗ ωH // C∞(∧•T ∗(PNr))
The representative of the generators y1, y2, . . . , yr′ of H
•(glr,Or) are mapped
to zero by j : ∧• (gl∗r/o∗r) −→ ∧• Lie(Nr)∗. In fact, since Chern polynomials are
functions of eigenvalues of the elements of Lie algebras as matrices, their restrictions
to ∧• Lie(Nr)∗ vanish. pi(yi) is zero as a cocycle in ∧• Lie(Nr)∗. Since i is a
homotopy equivalence by the contractibility of Nr, i induces an isomorphism on
the cohomology. Hence Proposition 13 is proved. 
4. Proof of Theorems and Corollaries
We show Theorem 1 by using a theorem of Gromov [5].
Proof of Theorem 1. By a theorem of Gromov [5], there exists a nilpotent subgroup
K of pi1(M,x0) of finite index. By Proposition 11, the restriction of the holonomy
homomorphism of C to K is unipotent. Then the secondary characteristic classes
of C vanish by Proposition 13. 
We show Corollary 2 by using Theorem 1 and theorems of A´lvarez Lo´pez.
Proof of Corollary 2. Let C be the Molino’s commuting sheaf of (M,F). By The-
orem 1, the secondary characteristic classes of C vanish. By a theorem of A´lvarez
Lo´pez [2], the A´lvarez class of (M,F) is equal to the secondary characteristic class
of degree 1 up to multiplication of a non-zero constant. By a theorem of A´lvarez
Lo´pez [1], the A´lvarez class of (M,F) vanishes if and only if (M,F) is minimizable.
Hence (M,F) is minimizable. 
By using Lemma 10, we show the following proposition.
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Proposition 14. Every transversely parallelizable foliation F of codimension q on
a closed manifold M is developable or compact if q ≤ 3.
Proof. Let F be the closure of a leaf of F . By the Molino’s structure theorem,
(F,F|F ) is a G-Lie foliation for a Lie group G. By the assumption on the codimen-
sion of (M,F), we have dimM − dimF ≤ 3.
Assume dimF = dimM and M is connected. Since F is a fiber of a basic
fibration, we have M = F . Then (M,F) is a G-Lie foliation. Since every Lie
foliation is developable, (M,F) is developable.
Assume dimF = dimM−1. Then the base space of the basic fibration of (M,F)
is S1. Since pi2S
1 = {1}, the image of holF ◦∂ : pi2(S1, p(x0)) −→ pi1(F, x0) −→ G
is trivial. By Lemma 10, (M,F) is developable.
Assume dimF = dimM−2. Then the base space of the basic fibration of (M,F)
is a closed surface W . Then pi2W is a free abelian group of rank less than 2. Hence
the image of holF ◦∂ : pi2(S1, p(x0)) −→ pi1(F, x0) −→ G is discrete. By Lemma 10,
(M,F) is developable.
Assume dimF = dimM − 3. By the assumption on the codimension of (M,F),
this implies that F is a leaf of F . Hence F is compact. Since each leaf of (M,F)
is a fiber of the basic fibration of (M,F), every leaf of F is compact. 
The following proposition is well known and follows because Molino’s commuting
sheaf is the zero sheaf when the leaves are compact [10]:
Proposition 15. A compact Riemannian foliation F on a closed manifold M is
minimizable.
We show Theorem 3 by using Propositions 14, 15 and Corollary 2.
Proof of Theorem 3. Let F be a transversely parallelizable foliation of codimension
q on a closed manifoldM with a fundamental group of polynomial growth. Assume
that q ≤ 3. By Proposition 14, (M,F) is developable or compact. If (M,F) is
developable, then (M,F) is minimizable by Corollary 2. If (M,F) is compact,
then (M,F) is minimizable by Proposition 15. 
We deduce Corollary 4 from Theorem 3.
Proof of Corollary 4. Let (M,F) be a Riemannian foliation of codimension 2 on a
closed manifold M with a fundamental group of polynomial growth. Let M1 be
the transverse orthonormal frame bundle of (M,F). Let F1 be the lift of F to M1.
Since dimM1 = dimM + dimO(2) and dimF1 = dimF , F1 is of codimesion 3.
Since pi1M
1 is a central Z-extension of pi1M or a central Z-extension of a Z/2Z-
extension of pi1M depending on the transverse orientability of (M,F), pi1M1 is of
polynomial growth. Then, by Theorem 3, (M1,F1) is minimizable. By Lemma 4.2
of Ghys [4], (M,F) is minimizable if and only if (M1,F1) is minimizable. Hence
(M,F) is minimizable. 
5. Examples
5.1. Carrie`re’s example. Let A be a hyperbolic element of SL(2;Z). A induces
a diffeomorphism A of T 2 = R2/Z2. Carrie`re’s example is the Riemannian flow F
on the mapping torus T 3A = ([0, 1]× T 2)/(0, Ax) ∼ (1, x) of A whose restriction to
each T 2-fiber of the fibration T 2 −→ T 3A −→ S1 is the linear flow tangent to an
eigenvector of A. These are examples of non-minimizable developable Riemannian
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flows of codimension 2 on closed 3-dimensional manifolds with fundamental groups
of exponential growth (see [3]).
5.2. An example of non-minimizable non-developable Riemannian flow
on a closed manifold with abelian fundamental group. We present an ex-
ample of a non-minimizable non-developable Riemannian flow on a closed manifold
with abelian fundamental group.
Let (M,F) be a closed manifold with a transversely parallelizable foliation. Let
F −→ M −→ W be the basic fibration of (M,F). Assume that (M,F) is not
minimizable and pi1M is of polynomial growth. There exists a nilpotent subgroup
K of pi1(M,x0) of finite index by a theorem of Gromov [5]. We use the notation
in the proof of Proposition 8. Since K is nilpotent, ΨG/H(K ⋉ρ0 (iF∗(pi1(F, x0)) ∩
K)) is nilpotent by Lemma 9. If ΨH(K ⋉ρ0 ∂(pi2(W, p(x0)))) is nilpotent, then
(M,F) is minimizable by Propositions 8, 13 and theorems of A´lvarez Lo´pez in
[1] and [2] as in the proof of Theorem 1 and Corollary 2. Since (M,F) is not
minimizable by the assumption, ΨH(K ⋉ρ0 ∂(pi2(W, p(x0)))) is not nilpotent by
contradiction. By Lemma 7 in the case where G1 = H , S = ΨH(K ⋉ρ0 {e}) and
I = holF (∂(pi2(W, p(x0)))), it follows that ΨH(K ⋉ρ0 ∂(pi2(W, p(x0)))) is nilpotent
if and only if the action mH |K is unipotent. Then mH |K is not unipotent. Since
H is the closure of holF ◦∂(pi2(W, p(x0))) in G, the action (ρ0|K) ⊗Z R of K on
∂(pi2(W, p(x0))) ⊗Z R is not unipotent by (17) and (19). Note that ρ0|K is the
action by conjugation as shown in the first paragraph of the proof of Lemma 9.
Thus, if (M,F) is not minimizable and pi1M is of polynomial growth, then the
topology of M is complicated in some sense. The complexity of the action of
the diffeomorphism group of the K3 surface on its cohomology is relevant in our
construction.
Let σ be the involution on the 4-torus T 4 = R4/Z4 defined by σ(x1, x2, x3, x4) =
(−x1,−x2,−x3,−x4). Then the quotient space T 4/σ has 16 singular points. Blow-
ing up all of the singular points, we have a K3 surface X .
We will define a 1-dimensional Riemannian foliation on a total space of a T 2-
bundle over X . Let {[dx1], [dx2], [dx3], [dx4]} be the standard basis of H1(T 4;Z) ∼=
Z
4. Let E1, E2, · · · , E16 be exceptinal divisors on X . We denote the Poincare´
dual of Ej by [Ej ]. Since we have H
2(T 4/σ;Z) ∼= H2(T 4;Z)σ ∼= H2(T 4;Z) ∼= Z6,
H2(X ;R) ∼= H2(T 4/σ;Z) ⊕⊕16j=1 R[Ej ] ∼= ⊕1≤k<l≤4R[dxk ∧ dxl] ⊕⊕16j=1 R[Ej ].
For a vector v = ( v1v2 ) in Z
2, let Sv be the principal S
1-bundle over X whose Euler
class is v1[dx1 ∧ dx3] + v2[dx2 ∧ dx3]. Let prj : X ×X −→ X be the j-th projection
and δ : X −→ X ×X be the diagonal injection. We define a principal T 2-bundle
Y over X by Y = δ∗(pr∗1 S( 10 )
⊕ pr∗2 S( 01 )). Let Ξ: Lie(T
2) = R2 −→ C∞(TY )
be the infinitesimal action of the principal T 2-action. For v in R2, ρv denotes
the S1-action or the flow on Y generated by Ξ (v). We denote the 1-dimensional
foliation on Y defined by the orbits of ρ( 1
−1−
√
5
2
) by G. Since ρ( 1
−1−
√
5
2
) preserves
any T 2-invariant metric on Y , G is a Riemannian foliation.
We will construct a diffeomorphism on Y preserving G. For a primitive vector v in
Z
2, let Gv be the isotropy subgroup of T
2 corresponding to v, which is isomorphic to
S1. We identify T 2/Gv with S
1 by choosing a vector w in R2 so that det
(
v w
)
> 0
and w is a generator of S1. By this identification, for v in Z2, Y/ρv is considered
as a principal S1-bundle over X . We show that Y/ρ( v1v2 )
is isomorphic to S(
v1−v2 )
.
MINIMIZABILITY OF DEVELOPABLE RIEMANNIAN FOLIATIONS 13
We compute the Euler class of Y/ρv. We denote the projection Y −→ Y/ρ( 10 )
∼=
S( 01 )
by pi( 10 )
and the projection Y −→ Y/ρ( 01 )
∼= S( 10 ) by pi( 01 ). We fix an S
1-
connection form ηv on Sv for v = ( 10 ) and (
0
1 ). Let pi : Y −→ Y/ρv be the canonical
projection. We take a 1-form η˜v on Y so that η˜v = v1pi
∗
( 10 )
η( 10 )
− v2pi∗( 01 )η( 01 )
where we put v = ( v1v2 ). Then η˜v induces an S
1-connection form on Y/ρv. In
fact, we have η˜v(Ξ(v)) = 0 and η˜v(Ξ(w)) = 1. Since η˜v is invariant by the T
2-
action, η˜v is a basic form on the foliation defined by the fibers of pi. Hence τ˜
induces a 1-form ηv on Y/ρv. Because η˜v(Ξ(w)) = 1, ηv is an S
1-connection form.
Since we have pi∗dηv = v1pi∗( 10 )
dη( 10 )
− v2pi∗( 01 )dη( 01 ), the Euler class of Y/ρv is
v1e(S( 10 )
)− v2e(S( 01 )) = v1[dx1 ∧dx3]− v2[dx2 ∧dx3]. Then Y/ρ( v1v2 ) is isomorphic
to S( v1−v2 )
.
Taking quotient of Y by ρ( 2
−1
) and ρ( 1
−1
) respectively, Y is written as
(38) Y = δ∗(pr∗1(Y/ρ( 2−1
))⊕ pr∗2(Y/ρ( 1−1
))) = δ∗((pr∗1 S( 21 ))⊕ (pr
∗
2 S( 11 )
)).
Let f be the diffeomorphism on T 4 = R4/Z4 induced by a matrix
(39) A =
(
2 1 0 0
1 1 0 0
0 0 1 0
0 0 0 1
)
in GL(4;Z). Since f commutes with A, f induces a diffeomorphism f1 on the
orbifold T 4/σ. After blowing up singular points, f1 extends to a diffeomorphism
f2 of the K3 surface X . The automorphism f
∗
2 of H
2(X ;R) induced by f2 has an
invariant space V = R[dx1 ∧ dx3]⊕ R[dx2 ∧ dx3]. By the definition of f2, we have
(40) f∗2S( 21 )
∼= S( 10 ), f
∗
2S( 11 )
∼= S( 01 ).
Hence we have f∗2Y = Y by (38). Then f2 induces a diffeomorphism f˜2 on Y . By
(40), we have
(41) f˜2∗(Ξ( 10 )) = Ξ (
2
1 ) , f˜2∗(Ξ(
0
1 )) = Ξ (
1
1 ) .
Then f˜2∗Ξ
(
1
−1−
√
5
2
)
= Ξ
(
1
−1−
√
5
2
)
. Hence f˜2 preserves G.
LetM be the mapping torus ([0, 1]×Y )/(0, f˜2(x)) ∼ (1, x). Let F be the foliation
on M induced from the foliation F0 with leaves {t} × L, for t ∈ [0, 1] and L ∈ G,
on [0, 1]×Y . F is a Riemannian foliation, because (M,F) has a bundle-like metric
induced by the bundle-like metric r(t)g + (1− r(t))f˜∗2 g+ dt⊗ dt on ([0, 1]× Y,F0),
where g is a bundle-like metric of (Y,G) and r(t) is a smooth non-negative function
on [0, 1] such that r(t) = 0 near 0 and r(t) = 1 near 1.
We show that (M,F) is not minimizable. Let ξ(F) be the A´lvarez class of (M,F).
Since (N,G) is an isometric flow, (N,G) is minimizable. Hence the restriction of
ξ(F) to any fiber of the projection p : M −→ S1 defined by p([t, x]) = [t] is zero.
Let γ be a closed path in M which is mapped to a generator of pi1S
1. Since the
closures of leaves of (M,F) are T 2 with a linear flow of slope −1−
√
5
2 , the structural
Lie algebra of (M,F) is R. Since f˜2 acts to the normal bundle of the linear flows
on the closures of leaves of F by the multiplication of 3−
√
5
2 , the holonomy of the
Molino’s commuting sheaf of (M,F) with respect to γ is the map defined by the
14 HIRAKU NOZAWA
multiplication of 3−
√
5
2 by the diagram (12). By a theorem of A´lvarez Lo´pez [2], we
have
(42)
∫
γ
ξ(F) = log 3−
√
5
2
.
Hence, by a theorem of A´lvarez Lo´pez [1], (M,F) is not minimizable.
By the homotopy exact sequence of a principal S1-bundle E over a simply con-
nected manifold B, pi1E is isomorphic to a quotient of Z. Then pi1E is generated
by a closed path along an S1-fiber of E. Hence E is simply connected if and only
if there exists no covering space of E whose restriction to the fiber of an S1-fiber
is finite and nontrivial. If E′ is a principal S1-bundle and an n-fold covering space
of E along the S1-fibers, we have ne(E′) = e(E). Hence e(E) is divisible by n.
Thus Y is simply connected by construction. Hence pi1M is isomorphic to Z by the
homotopy exact sequence of the fiber bundle Y −→M −→ S1.
5.3. Riemannian foliations of codimension 2 on fiber bundles over S1. Let
(N,G) be a Riemannian foliation of codimension 1 on a closed manifold N . Let f be
a diffeomorphism on N which preserves G. Let M = ([0, 1]×N)/(0, f(x)) ∼ (1, x)
be the mapping torus of f . Let F be a foliation on M induced from the foliation
on [0, 1]×N with leaves {t} × L, for t ∈ [0, 1] and L ∈ G. F is Riemannian by the
same reason as the previous example. If pi1M is of polynomial growth, then (M,F)
is minimizable by Corollary 4.
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